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PACS numbers: 42.25.Dd, 05.20.-y Transport in disordered and random media is a widely addressed physical question which plays an important role in several domains of Physics. Motivated by the kinetic theory of gases, the Boltzmann equation has been studied since more than a century. The radiative transfer equation is a Boltzmann equation where speed is fixed. It was derived by Chandrasekhar [3] to study the radiation transport in a scattering atmosphere. Although radiative transfer is mostly used in three-dimensional systems, the two-dimensional radiative transfer is of interest in several domains, such as seismology, where surface waves carry most of the energy.
Some solutions of the two-dimensional radiative transfer equation are known analytically. For isotropic scattering and isotropic source, the energy distribution has been found by Shang and Gao, and Sato [13, 14] and Paasschens improved these results by providing the radiance distribution [10] . Recent progress in numerical and analytical solutions have been made by Liemert and Kienle [4, 5] . These numerical methods efficiently extend to the three-dimensional case [6, 7] . The situation in two dimensions is more favorable to analytical results for many reasons, geometrical and analytical; let us only mention that the rotation group has a single parameter and that the Green's function has an algebraic FourierLaplace transform.
Let us write q(r, t, θ) the space-time density of energy flux at position r at the time t with direction angle θ. q(r, t, ·) is called the radiance in the standard terminology in optics. If we integrate the radiance with respect to θ, we get the spatial distribution of energy flux at r and t. In systems with no absorption, the energy flux distribution integrated over space is constant and normalized to c in this work. The differential equation for q is
The phase function ϕ is an even real valued function describing the distribution of scattering angle. The case where all scattering angles are equally likely, ϕ(θ) = 1/2π, is the isotropic case.
To solve the equation (1) we introduce "unscattered" distributions that are the spatial distribution of probability of particles that have not been scattered. These distributions are distinguished by a subscript 0 . "Scattered" distributions receive the same notations without this subscript. The probability to meet a scatterer on its trajectory at a distance r from the source is e −r/ , where is the mean free path. The distribution of particles starting from the origin at time t = 0 and moving with speed c with angle θ 0 that have not been scattered at time t is
G 0 is the unscattered energy distribution from an unidirectional point source. δ (2) is a two-dimensional Dirac delta function. In the absence of scattering, the propagation angle θ is preserved, its distribution is a Dirac delta-function δ(θ − θ 0 ). This defines the unscattered radiance distribution from an unidirectional point source
We remark that G 0 (r, t, θ; θ 0 ) is invariant if one exchanges θ and θ 0 . As a consequence G 0 (r, t, θ) is also the unscattered radiance from an isotropic source. Finally, integrating G 0 over the angle θ, we obtain the unscattered energy distribution from an isotropic source
(4) The distributions defined by Equations (2), (3) and (4) constitute the building blocks for the multiple scattering theory presented in this paper.
Notations and analytic transforms We use the units c = 1, = 1. We denote by f (k) the spatial Fourier transform of the radial function f (r) and f (s) the time Laplace transform of f (t). We will also use the Hankel transform as defined in the appendix A.
The Fourier-Laplace transform of f (r, t) is denoted by f (k, s). The leading exponential factor e −t in g 0 , G 0 and G 0 results in the shift of the variable s by 1. All Fourier-Laplace transformed functions carry this shift and are written only with their angular dependences, as
The Fourier-Laplace transforms of the unscattered distributions admit the following expressions
I. ANALYTICAL DERIVATION
The energy distribution g of the two-dimensional isotropic radiative transfer has been provided by Gao & Shang [14] , Sato [13] and Paasschens [10] , the latter having also given the radiance solution G. This section is dedicated to the analytical computation of the scattered radiance from an unidirectional point source G. On the way to this result we compute the scattered Green's functions g and G.
A. Solutions in the Fourier-Laplace domain
The radiative transfer equation (1) governing G in the Fourier-Laplace domain rewrites for isotropic scattering
The initial condition G(r, 0, θ) = δ (2) (r) enters into the equation (8) as G(k, 0, θ) = 1. We multiply the equation (8) by G 0 (θ) as given by (6) and we obtain
We notice that G will be known as soon as we know g. From the integration of equation (9) over θ we get, using the definition (4), the Green-Dyson relation
and deduce from the expression of g 0 in equation (5) the scattered energy distribution from an isotropic source
Each order of the expansion corresponds to a given number of scattering events the particle has experienced.
From the expression (9) we find the scattered radiance distribution from an isotropic source to be
in which we can se that only the last scattering event depends on the angle. Conversely, the scattered energy distribution from an unidirectional point source is given by the same formula written as
in which direction is lost after the first scattering event. If the source is unidirectional, the scattered radiance distribution from an unidirectional point source is therefore given by the relation
We can now use the solutions (11), (12) and (13) to give the expressions of this functions in the space-time domain.
B. Solutions in the space-time domain
To find the expression of g in the space-time domain we use the simultaneous Hankel-Laplace inverse transform of order zero (see the appendix) with the function f (s) = s/(s − 1) (and thus f (t) = δ(t) + e t Θ(t)) and we obtain
the energy distribution from an isotropic source as already found by Shang and Gao and by Sato. We have used the notation T = t 2 − r 2 /c 2 . Note that the simultaneous inverse transform was performed thanks to the fact that g is a function of g −1 0 . For t r, this solution approaches the Gaussian distribution of diffusion, with D = 1 2 = c /2. To compute G we can use the space and time convolution defined by the Equation (9) which yields the expression
(15) The expression (15) was first derived by Paasschens [10] . Our work extends his results to the radiance distribution from an unidirectional point source, G. To compute G, we use the result (15) together with the relation (13) which defines a convolution in the space-time domain. After integration with respect to the space coordinate we get G(r, t, θ; θ 0 ) = G 0 (r, t, θ; θ 0 ) + G 1 (r, t, θ; θ 0 ) + Θ(t − r) where G 1 is the single scattering contribution arising from the convolution of G 0 with itself (see the figure 1 and the appendix B).
If r = tû(θ 0 ), the integral vanishes (all the energy is contained in the ballistic term G 0 ), otherwise we can perform the change of variable 2(t − r ·û(θ 0 ))τ = t 2 − r 2 − y 2 and we get for θ = θ 0
where X is defined by
We finally obtain our main result for isotropic scattering (with θ = θ 0 )
The function E n is the n th order exponential integral function as defined in 
The term G 0 is the unscattered contribution while the second term is a scattered contribution of second order (at least two scattering events have occured). There are no single scattering contributions from G 1 in (18).
C. Steady-state solutions
The time-dependent scattered solutions measured at a given point r exhibit a variety of behaviours that can be exploited when using pulse sources. However, some experimental setups may require the use of a steady source. Hence, we discuss here the steady-state solutions of the radiative transfer equation in two dimensions. We have to first remark that the large time regime is diffusive and as Brownian motion in two dimensions is recurrent, a steady source would yield a diverging energy density as time goes to infinity. However, in the presence of an absorption rate µ > 0, all unscattered and scattered Green's functions get a leading regularizing factor e −µt . Such a constant rate could come from energy dissipation under another form (like, typically, heat) or account for losses into the third dimension. Since the dimension two is the critical dimension for Brownian recurrence, we expect the steady-state distribution to diverge logarithmically as µ or r goes to zero.
In the presence of absorption, the steady-state counterpart f ss (r) of a Green's function f (r, t) is well defined and we have
It could also be obtained as the inverse Fourier transform of f ss (k) = f (k, µ). Denoting by α = −1 + µ/c the total extinction rate, the unscattered energy distribution is g ss 0 (r) = e −αr /(2π r) and we show in the appendix C that g ss = g For large µ (µ c/ ) we find g
. In both cases, we observe a slower energy decay away from the source than for the unscattered energy distribution.
The unscattered radiance distributions are proportional to g 
II. NUMERICAL SIMULATIONS
We compare the solution (17) to statistics obtained from a Monte-Carlo simulation of the two dimensional isotropic Boltzmann equation. We start random walks from the origin at t = 0 with propagation angle θ 0 = 0. The step length x is distributed exponentially according to the probability distribution p(x) = e −x . After each step, we chose a random angle 0 ≤ θ < 2π for the propagation.
The figure 1 shows a situation where θ r = approaches the "target" position r by a distance less than ∆r between the times t − ∆t/2 and t + ∆t/2, we store the value taken by θ during the corresponding step. The statistics of θ follow the distribution G(r, t, θ, 0)∆t × π(∆r)
2 . The distribution exhibits a peak at θ = 2 tan −1 ( t r ), corresponding to the single scattering trajectory. The results of these simulations is displayed in the figure 2, they compare the distributions of the propagation angle θ for fixed position r and time t obtained by Monte-Carlo simulations to the predicted formula (17).
The figure 3 displays the radiance at angle θ = π/2 as a function of time at the fixed point r = (1, 1) . If the random walker approaches the "target" position r by a distance less than ∆r and the propagation angle θ is such that cos(θ − θ) > cos(∆θ), we store the value of t corresponding to the closest point along the matching step.
The figures 4 and 5 show the radiance at angle θ = θ 0 = 0, the pathological case where Equation (17) has to be replaced by (B1), as a function of time at the fixed points r = (1, 0) and r = (1, 1) respectively. The method is the same as explained for figure 3.
In the figures, the normalization of the numerical distributions has been adjusted, no other parameters have been tuned.
III. OUTLOOK
We have computed the exact solutions of the radiative transfer equation in two dimensions with angular resolution both at the source and the receiver. The timedependent solutions are useful for the signal analysis when the source is modulated. The steady-state solutions could only be estimated: The approximations we have obtained are asymptotically close to the exact solu- tions when the absorption is strong or when the distance from the source is large. When absorption is low and the distance from the source is small, the single scattering contribution grows logarithmically and dominates the radiance.
We now briefly discuss the applications of these results. The angular resolution of the theoretical radiance will be useful for analysing data collected with full or partial angular dependences. Angular dependences are easily acessible in optics: Some light sources, such as laser beams, are inherently unidirectional, and collimated receivers can be used to measure the radiance. In acoustics, the so-called beam-forming methods use the signals recorded by an array of aligned receivers to select the sound from an incoming direction. This technique also works with an arrays of sources to produce a unidirectional source of sound. These beam-forming techniques are also frequently used in geophysics as well, with seismic waves. In these fields, using the angular dependences of scattered waves would represent a substantial increase of the available amount of data. We expect that such an increase will help improving imaging methods.
In the steady state regime, it reduces to We obtain the equation (20) by expanding the exponential e −κr/x into the series n (−κr/x) n n!
. The large r approximation is obtained by second order polynomial expansion of µr 2 x+ κr x around the minimum at x = 2κ/µ.
